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C,: z(t)=(1-t)+it, 2(t)=-1+i, f(z(t))=-4y(t) =—4t*, 0<t<1
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u(0,t)=0, Z—z(L,t)=O t>0 BC

W #2e-ell
a ox u(x,O):f(x),wzg(x) 0<x<1 IC
Solution:

We introduce a finite difference mesh x,, = nAx, t, = kAtand let the corresponding nodal values be

denoted by:
u(x,,t ) =us.

Now approximating derivatives by central differences both in space and time we obtain

t ¥ 3
fg\-_ 1 . -. T, }u n 1.
A
At
Ax
Er L o—9
n—1k n, k n+ 1,k
A
te_1 >
[ *———© T
k+1 k k-1 k k k
u™—2u +u u' . —2u' +u
(2): = L= L | O(AX, AL,
At AX
cAt Y
. k+1 k k-1 k k k
(3): uf™=2uf —uft+| == | (uk, —2uf +ul,).
AX
_ CAt
(4):  ut o =rful, e2(l-rt)uk el - Ut r=2=
time level k+1 time level k time level k-1 AX
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Here r = cAt/Ax is known as the Courant Number. We observe that the Discrete Equation (4)
involves three distinct levels in which known data is transferred from steps k — 1 and k to step k +
1.

Initial Conditions - Starting the Solution

The 3-level scheme poses some challenges when imposing the initial conditions. If we imagine a row
of false mesh points at time t = —At = t~1, then the initial velocity condition (1b) can be
approximated using central differences as:

ut —ut
(5): %=g(xn) = u'=u; —2Atg(x, )

Now we assume that the Discrete Wave Equation (4) also holds at t = 0, so that:

(6): uy=rup +2(1—r2)u2+r2uﬁ4—u‘1

n n+1 n

Now substituting (5) into (6) and re-arranging we obtain:

(7): uﬁ:%rzuo +(1—r2)ur?+%r2uﬁ_1+Atg(xn)

n+1

Since up = f(x,)and g(x,) are known, we are now in a position to specify the first two rows of
nodes. This is sufficient to start the recursion (6) for all subsequent steps.
Implementing Derivative Boundary Conditions:

Assume that the boundary conditions (1b) are changed to

B.C: u(0,t)=0 Z—i(u):o t>0

Consider a central difference approximation to Z—Z (L,t), where xy = NAx =L,

(8): Z—i(L,t): u(x +Ax’t)2;;(XN — ) =0 = u(xy +AXt)=u(x, —Axt) (*)

Since xy = L we observe that x + Ax is outside the domain we introduce an extra column 1y,
into which we copy the values uy_;. In the column xy we implement the same difference
approximation for the Wave Equation, namely:

ot

(9): ugt =rful,+2(1-r)uf +rfuf, - ugt v

timelevel k-1

time level k+1 time level k

while uf,; = uk_, (see (8)) since column uk_, is copied to column uf ;. Note that this BC could

be implemented another way without introducing the additional column, by eliminating uy 4 from

(9):

(10):  ugt =2(1-r®)uf +2rfui, - uy?

time level k-1

time level k+1 time level k
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If this latter equation is implemented at xp there is no need to introduce an extra column uy 44 or to
implement the difference equation given in (**) as the derivative boundary condition is taken care
of automatically.

1D Wave Equation: Forward-Time Central-Space Method (FTCS)
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*VUu=u,+>u,+-u,=0 l<r<e’, 0<fO<rx
r

r n,_(e:,é’):ﬁ

u(r,0)=0, u(r,z)=sin(ar), u(18)=0, gu(e2,9)=0

U(r,0) =W (1)©(0), rz(W";VW'/r):_‘g'((g)):_iz** ) Ty

AW+ W'+ AW =0, W(1)=0, W’'(e*)=0 = ;tn=(2n+1)%, n=012.. W(r)=sin(4,Inr)

©"(0)-2’0(0)=0, ©(0)

0, ©,(0)=B,sinh(1,6)

u(r,6)= nZ:;W (r)e(6)= HZ:; B, sinh 4, (8)sin(4,Inr),

f(r)=u(r,z)=

B, sinh(4,7)sin(4,Inr)=sin(ar),
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m n ! 2 2 mn

f(r)sin(4,Inr)dr f(r)sin(4,Inr)dr
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B =
1 e sinh (4,7)

B,sinh(4,7)=

1

B, :Wj%sin(ar)sin(ﬂn Inr)dr

1

u(r,0)= i B,sinh 4,(8)sin(4,Inr),

n=1
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