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TK#>K : t�rn4wl q]�0= p3�=� qAy- 3oH q� u� q� /3�n t�rn4wl �Pw�H q� fn/ cBU 3/ q� /3�nŵ9 \we
 ch�= jow9�0loU� 0=�� uh 4v5 ĉ= 0ml�ir �d�+:

3/ kv� cBU C4U 4� kv� �9� q] g�:w9 p/od�= tn3 [�- \w�9x� 3�4Y /3�/ q] kv� /o- f6e�:h v�k �9� q]  
[�- 3/ �d�+ ue] q� �3oA \v g:% qiwl u� �v�sl � kair n  \w�n4�n6v� 3/ 4Ll q�U4̀ /o=.

kv� 3/ ud�+ �9� q] t�6%� [�- �sm� 3/ )oI9 <l4] kwv�� kv� F4= �3 �3�/ uh �0m=�� q� kwir cwd/ �t3o�  
uv�r q] 3/ �&mv� /3oh u934� 3�4Y uh �0l4ẁ 3/ u�x�+ q] u� �,� 4w!�� ��=�P�3� �� qmh�/ t�r p��o] 3�4Y �/3�/ 

W/�A �9�.
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@Z�([
 W�1; JZO �4( WQ$ %� S#, �P� W
 S%Y
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�id)���	( qd�:h ;�P�3� \v tn4wl j�9ol p0mm] /4Vmh �3 q] 3/ \v qIZl 5� *I9 gwl t�EU uO�&�3� b�iO� uh 0= h/3o 
qPd�Ih 3�4Y /�/.

tn4wl u=�P�3� 4� tn3  *I9 t�EU qiwl \w�9x�: ��Yc 4]1 
uh 0=�� q] tn4wl u=�P�3� uh 0l�o� gr 3/ t��9�3 t/oiO n gr 
3/ t��9�3 uZU� 0=��. kv� MoDoh q� qd�:h ûwh�mv/ 9o�\:mw 

p3�=� uh 0m].

TG�)K %P)Y$:
4m:v3)����(���b�9 8� 5���id qd�:h ;�P�3� p/od�= p4v�/ t� S�IPl� v2�4 

�,�t3�2̀3�� �-�om̂v�3/3oh cwe,� 3�4Y /�/.
��o% uv�slcA�+ 5�b�4a�l� t4ẁ 5� ;n3 �id /o�. 4� 7�9� ;n3 �4m:v3 
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 1 2 0, ,f f F a 

TG�)K %P)Y$:
4m:v3)����(���b�9 8� 5���id qd�:h ;�P�3� p/od�= p4v�/ t� S�IPl� 4v2� �,�t3�2̀3�� �-�om̂v�3/3oh e,�cw 

3�4Y /�/.
��o% uv�slcA�+ 5�b�4a�l� t4ẁ 5� ;n3 �id /o�. 4� 7�9� ;n3 �4m:v3 uv�&��% t/oiO 3/ 6]4h *I9 t3�2̀3�� p0= n 
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 gv3�/ n4�n3 qI��3 3/: &9 :t3�2̀3�� qmh�/3�  :p0= t3�2̀3�� qw+�l 6]4h 3/ �n�m�h j�̂h 4wwR�8� :p0= b�iO� 3�� t� p4v�/ 8l�]4U19 :p0= t3�2̀3�� qw+�l M�P=-:,-; :4m:v3 uv�&��% N��o�)o= uh  ,� j� N%�3 �0P� q] 0l3�/ ua�:� t3�2̀3�� 8l�]4U n jo9�o� �v4D q�/( 6 :[�- y"h \w�9x� Gw,h ?oB.h f4%7E : �O49�9� q�U4̀ 3�4Y j� tn3 u� q] uO�&�3� p/�h 3/ u=4� #oh.  �  :Gw,h u=4� bn0h
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j5n q� 4v2� S�IPl� tn4v�/  p/od�= uv�&��% qmh�/ gwr�o- uh b�+wwm] kwwP� 4m:v3 G��n3 \i] �� �3 4v5 ĉ= 0ml�irg  :
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- u��eA t� p4v�/:

-  u�3�n uis9 u9�i� 3�>U Nv5o� �� t�r:

b0h 4m:v3 Fo�4h q� u� p4v�/ t� S�IPl� 4v2� uh 0=��)kwdn� ĉ=( q] kv��0�j �9�mPh 
8 Ô ciPd� [�- 3/ 49��49 *I9 4v5 u� �-�om̂v uh �0=�� 3/ b�9��
� kemwvo] n 

�_lo9 u� �3 p4v�/ t� n �eA 3/ 4Ll 0m�U4̀. G��n3 j�ir G��n3 0vy9� c�Y �9� �� �kv �n�Z� 
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t�r3�/oil �4v5 ��4wwR� qmh�/ u� 0P�( n(N  4� �:+)9 �3 t�4� u� tn4v�/ �eA <v�il uh 0r/.)Richart,1962(
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XY
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MR(
R� 
Y%0 Q X(�L� $�-; 6Y&R� %Z���:
 ĉ= 3/ �' 0P� u� qmh�/(N �:+ 4�)9  p0r�>h u9�i� 3�>U J�,d 5� Te�.h t�r p/od�= t�4� uh/o= . q] 3oIl�ir 5�

 t�4� 0P� u� qmh�/ /o= uh �U�v3/ ĉ= kv��/ �3 3�0Zh kv4�>w� �uis9 Nv5o� �� u� t�4� n kv4�i]��eA u�0=�� uh �3.
D <v�6U� �� q] 0r/ uh j�>l �eA p/od�= t�4� �3 0P� u� qmh�/ tn3 4� jo9�o� �v4D 4!� �9�3 �i9 ĉ= 3/ jo9�o� �v4

 \v 3/ ���! 3�0Zh)9 0��v uh <r�] 0P� u� qmh�/ �).Richart and Whitman, 1967(
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'O�A%; #8� X� FK�7 T� ��)O XY����� 6�
R� �
%ZZ9�:
3/ ��Pd�Ih �_l�9 C4U p0= /o� q] Nv5o� 3�>U u9�i� 3/ p/n0,h t uPw9n 5� 8l�]4U 3/ 4Ll �q�U4̀ ���! uh 0l�h �h� 
t�4� Gv�4= t3�2̀3�� �ûwh�mv/ Nv5o� 3�>U u� ��eA uv�&��% t�r u�-�om̂v �3 /�&v� uil 0m] q� kwir cwd/ Sn4̂w�

Bycroft (1956) uv�&��% t�r ul5n �b/�Ph 4v5 u� �3 kwwP� /4]. ��4wwR� N��o� uv�&��% 3/ ĉ= 4v5 <v�il p/�/ =p0 �9�:
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�U S"RG�, W"RL7 *�8�$
 W
%� �T��-K W�U F� S
$:
�-qw:+ ;n3(Hsieh’s Analog)�-4i:vx ;n3(Lysmer’s Analog) 

�- TZ)� *Q$(Hsieh’s Analog):
qw:+(1962)� ;n3 4m:v3 �3 �� 3/ 4Ll k�U4̀ uv�4wh )yA� /4]. 3/ NY�n �qw:+ qd/�Ph �]4+ t3��%� \v q%3/ t/�5� �� uv�4wh/3P++3O+.3=-2

 �3 3/ 4Ll �U4̀. qw:+ 3/ n/ f�̀ qe�:h �3 cwe,� /4]. f�̀ bn�: �0��� p/od�= �3 �3oB� q,VA t �eA tn4v�/ jn0� j5n 4� tn3 *I9 gwl t�EU x�\w�9 3/ 4Ll 
�U4̀ n 3/ f�̀ fn/: 8�9 j5n p/od�= �3 J�,d /4].
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H. MQ#�M&Q %� WQ$ �4( JZO W�1;@Z�([
:C4U 0wm] p/od�= u� �j5n �,� 3�� g��Y%=%9,AHF 3�4Y /3�/ 3/ kv� �3oA 
uv�&��% 3/ G9n p/od�= �eA 5� ;n3 4m:v3 4��4� �9� ��:
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                          


 

j�h5 q� ��:l X�>h k�U4̀ ��:

 ��gv3�/ �WoU qI��3 n/ �w]4�:
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�U S"RG�, W"RL7 *�8�$
 W
%� �T��-K W�U F� S
$:
�-qw:+ ;n3(Hsieh’s Analog)�-4i:vx ;n3(Lysmer’s Analog) 

mz Q P  

I�C IQ": S"RG�, S%Y
" W
 
H. �� I%�/� %�WQ$ �4( JZO W�1;@Z�([
:C4U 0wm] p/od�= �� f4%/�� �,� 3�� g��Y&=&9,AHF 3�4Y /3�/ 3/ 
kv� �3oA qd/�Ph b/�P� 4��4� �9� ��:

  01 2
0 2 2 2 2

1 2 1 2

z zk c

z z

Grf f dz
P Gr z

f f f f dt

P k z c z



                       

  

 



gv3�/ bn� f�̀ 5�:

gv3�/ 3��9� qI��3 3/ t3�2av�% ��:

  01 2
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f f f f
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              

 

 jo9�o� �v4D n [�- u�.9 bn0h p/od�= M�P= t�r $m9�4U n 8l�]4U q� q�:��n uv�4wh n u�.9 4v/�Zh j/o� @.>h �� 3��9� n/ qI��3 c+ ��  nir foePh kwm(
/4] kwwP� �3 �9� fn/ q%3/ cw:l�4Vv/ qd/�Ph uAoB- ��o% j�ir q] uv�&��% j�6wh j�o� uh p/od�= f4% j/o�.
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�-%L)Y[ *Q$(Lysmer’s Analog) :
b�93/����4i:vx n �3�(v3)Lysmer and Richart (1966)( b0h p/�9 t��3t�4� 

q�9�,h 4v/�Zh.G n+Gq��3�0l/oil.�sl� pnyO 4� j� Tv4P� t0v0% 5� N��o�uv�&��% �3oB�hc��Z
q��3� q]0l/4] ��v4Z� q�:��n q� �v4D jo9�o� uil 0=��)X��Ih �� ĉ= n4�n3(.
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�U S"RG�, W"RL7 *�8�$
 W
%� �T��-K W�U F� S
$:
�-qw:+ ;n3(Hsieh’s Analog)�-4i:vx ;n3(Lysmer’s Analog) 
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%L)Y[ *Q$ &
 W"RL7 *�8�$
 ��� X� �(�� I�C T� I�C *Q$:
Td� f�̀-0v0>� 8l�]4U n uv�4wh �v4D �uPw�H 8l�]4U kwwP�
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%L)Y[ *Q$ &
 W"RL7 *�8�$
 ��� X� �(�� I�C T� I�C *Q$:
Td� f�̀-0v0>� 8l�]4U n uv�4wh �v4D �uPw�H 8l�]4U kwwP�
� f�̀-0v0>� j�h5 3/ ;�P�3� qmh�/ kwwP�
# f�̀-Te�.h uv�s:l�]4U 3/ ;�P�3� qmh�/ kwwP�

� I�C-#Y#-� M�K& $" *�8�$
 TPK
" NZZ8�
gv3�/ fn/ cBU 5�:

� I�C- XY�V)O�A%; $" *�8�$
 TPK
" NZZ8�:H�!K
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 00
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 X�H ��r boh4U t�&� k�=�/ �� 4v5 3�/oil3� qmh�/ 3�0Zh � 3�� qmh�/ n uv�4wh �u�.9 4v/�Zh ;�P�
0=�� uh q�9�,h c��Y:

0

22 2 2 2 2

,
1 4

z
z

n z n

Q k
A

D   


   

  2 2
1

22 2 2 2 21 4

n

z

n z n

m e m
A

D

 

   


   

ul�3n/ f4% �� ;�P�3� t�4�
t/�5� q%3/ \v ;�P�3� t�4�



kv� ;n3 �r GZU Fo�4h q� u� t�r tn4v�/ �� M�P=19 uh 0m=��. 4̀� u� �h t�3�/ ĉ=  
uewI�:h q� /�P��� n" 0=�� u�:v�� M�P= p4v�/ t 4K�m�h �� kv� u� �3 X�H �:htn  

3�4Y j/�/ �+�:h �r q�9�,h gwv�il.
t4�n/ n 7��6̀ j�>l 0l/�/ q] 4r uê= uh 0l�o� q� �3oA p4v�/ t� b/�Ph /o=. �sl�  

�,A kv� MoDoh �3 �� f�&l� ��>v�h5� j�>l 0l/�/.
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2
0 0r BL r BL  

yh�] *D�n uh 0=�� q] S2+ ;�P�3� 3/ \v/6l 8l�]4U uPw�H \v p/od�= ]t3� 4wQ  
k̂ih uh 0=�� �h� uh gwl�o� �� f�&l� �u��0wsi� ;�P�3� �3 �� 0+ j�̂h� cweZ� r/gw.

�3�(v3Richart (1962) t3�/oil X��Ih ĉ= n4�n3 t�4� kwwP� giv6]�h qmh�/ &h5� 
��=�P�3� g��Y t�4� 8l�]4U t�r ueiO q��3� /4]. 5� kv� 3�/oil uh j�o� ���= 6]�hgiv 

5�&h u� �3 6wl 4� 7�9� qmh�/ ;�P�3� t/oiO u� �� p/�V�9� 5� qI��3 t 4v5 �9�,hq /oil.

q� j�omO �b�"h ���=giv6]�h5�&h ur�a�9/q]8l�]4Uj����� 3n/ 4� 
qZwY/)cpm(�9� X��Ih 4v5 q�9�,h uh /o=:

  2Maximumacceleration= maximumdisplacement 

     2

22 2000
0.127mm =5570mm s

60

 
 
 
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$" X�
%3 X� ��U W
%� W%ZCRH� &
 "
# $ #Y#-� XG�L��
 ��BO%Y& #Y�� "$RK T�R� $
%= "%ZC:
- ��:l 8l�]4U 0v0>�)uPw�H( g�:w9 [�- n u� q� 8l�]4U p�a�9/ 3/ kw=�h t�r �O49x��)�� ]4U8l� t�r <w� 5�

����3n/ 4� qZwY/)cpm((0v�� 4�i] 5� gwl)�.
( 0=��. q' 3/ f�amr Mn4= q� 3�] n q' 3/ f�amr �j/��:v� 4�i] 0=��.

- t�4� kw=�h t�r �� �O49 kwv��)�
� ��	�� 3n/ 4� qZwY/(� 8l�]4U 0v0>� g�:w9 [�- n u�)8l�]4U uPw�H(� 
cY�0+ 0v�� 4��4�n/ 8l�]4U kw=�h 0=��.

-�U�v 0r�o- <r�] 0v0>� 8l�]4U �j5n <v�6U� �� ��r u� M�ol� 3/.
- <v�6U� ��9 0��v uh <v�6U� u� 0v0>� 8l�]4U.
-[�- u=4� bn0h <v�6U� ��)[�- q� ��Qn/ j/4] Xv36� �� b�"h 3oH q�(v uh <v�6U� u� 0v0>� 8l�]4U �0��.

2resonance
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 E��K� (�9� q�U4̀ 3�4Y u���! tn4wl t/oiO ;�P�3� �,� ulow9�0loU.kw=�h n jow9�0loU c] j5n' = 680�kN� 0=�� uh. n boH
 �� �9� 4��4� �w�4� q� jow9�0loU C4O�  n� 4�h . �� �9� 4��4� u=�P�3� tn4wl qmh�/&9= 7�kN�  �� 4��4� g�:w9 8l�]4U180+0/  uh

0=�� .5� 0m�3��O [�- t�r4�h�3�� :4= 18.5  kN m<� ,  5= 0.4,   = 20700 kPa  q�9�,h �9� �oeIh:

Td� (��:l n 0v0>� 8l�]4U@resonance@operating ≥ 2  0wm] u934� �3

� (  0v0>� �d�+ 3/ ;�P�3� qmh�/

F� :gwv�il uh q�9�,h �3 b/�Ph M�P= �0���:

�� �9� 4��4� f4% �v4D:

Td�- 8l�]4U/o= uh q�9�,h 4v5 qI��3 5� 0v0>�:

0 2 6 1.954r BL m    

 33 3
0 0

1 1 1 0.4 680
0.739

4 4 4 18.5 1.954
z

m W
B

r r

 
 

                                   

0

0.361 1 1 20700 1 0.739 0.36
6.11 366.6

2 2 18.5 9.81 1.954 0.739
Hz cpmz

m
z

BG
f

r B  
      

 

366.6
2.04 2
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 E��K� ( ĉ=a �9� 3o�oh \v jo�:w� q� Fo�4h .0=�� uh 4v5 )4= q� p�a�9/ kv� ��OyH�:
kw=�h 8l�]4U :1500+0/

b�B�� qewh boH :1;= 0.3/
_md cwh M�P= :1:= 75//

jo�:w� c] j5n :'D?>= 54#
p�a�9/ c] j5n :14!#

 ĉ=b  /�P�� t p/od�=0r/ uh <v�il �3 p�a�9/ um��.
0=�� uh 4v5 )4= q� [�- ��wAoB-:

< ، ،

�9� �oeIh:
Td� (qvol�! n qwdn� b/�P�h�l t�rn4wl)primary & secondary 

unbalanced forces (t/4̂eiO 8l�]4U 3/.
� (0v0>� 8l�]4U
� (0v0>� �d�+ 3/ g��Y ;�P�3� qmh�/
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Td� c+ ( t�rn4wl q�9�,hqvol�! n qwdn� b/�P�h�l)primary & secondary 

unbalanced forces (t/4̂eiO 8l�]4U 3/.
4̀� �O49 ul�3n/ cwh _md 4��4� ��/ C4U �/o= 3/ j�h52= 0qeA�U  

g��Ykw� n/ qIZl$� n�� 4��4� ��1:+1; �9�. 3/ j�h52� qeA�U g��Y kw� n/ 
qIZl$� n�� 4��4� ��1:+1;−3 �9�.kwm(ir �� q%o�q�ĉ= c��Zh
gv3�/.   1 2 2 1

1
2 1

2

cos cos ,

sin sin sin sin

z r r r r t

r
r r t t

r

 

   

   

  

2 2

2 2 21 1

2 2

1
cos 1 sin 1 sin 1 sin

2

r r
t t

r r
   

   
        

   

2 4 6
2 11

2 8 16

x x x
x     

         

 
 

   

2

21
1 2 2 1 2 1 2 1

2

2
2 2

21 1
1 1

2 2

1
cos cos 1 cos 1 cos 1 1 sin 1 cos

2

1sin 1 cos21 12sin 1 cos 1 cos2 1 cos
2 4

r
z r r r r t r r t r t r t

r

t tr r
t r t z t r t

r r

     

 
   

  
                 

    
          

   

X� Q S"RG�, ��,�8�$


22

Td� c+ ( t�rn4wl q�9�,hqvol�! n qwdn� b/�P�h�l)primary & secondary 

unbalanced forces (t/4̂eiO 8l�]4U 3/.

/o= uh kwwP� 4v5 qI��3 5� j�h5 4r 3/ jo�:w� uv�&��% kv�4��m� :
2 2

1 1
1 1

2 2

1 1
cos2 cos

4 4

r r
z r t r t

r r
 

 
    

 

�= N��� �j�h5 �:+ 4� jo�:w� uv�&��% 5� t4ẁ X�>h 3�� n/ �� jo�:w� ��
0v� uh �90�:

2 1
1

2

cos cos2
r

z r t t
r

  
  

   
  



4��4� jo�:w� f4% 4̀�/D?> kv� u94mv� tn4wl j�o� uh q&w�l 3/ 0=��
/4] q�9�,h �3 jo�:w�:

     

2 2
2 2 2 21 1

rec 1 rec 1 2 1 rec 1 2 rec
2 2

2
2 21 1

rec 1 recmax max 2 max
2 2

cos cos2 cos , cos2

,

r r
F mz m r t m t F F F m r t F m t

r r

r r
F m r F m F

r r

       

 

   
          

   
   

     
   

1 1


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E��K F�:
Td� ( qvol�! n qwdn� b/�P�h�l t�rn4wl X�H jo�:w�0lo= uh q�9�,h 4v5 G��n3:

� (gwv�il uh q�9�,h �3 t� p4v�/ u� b/�Ph M�P= �0��� p0= q�V̀ �d�Ih X�H:

    

       

2
2

rec 1max

2
21 1

recmax 2 max max
2 2

54 75 2 1500

1000 9.81 1000 60

0.075
0.25 10.19

0.3

F m r

r r
F m F F

r r






      
  

               
    

1

1 1

10.187 kN

2.547kN

 8l�]4Ukw=�h :1500+0/
 j5njo�:w� c] :'D?>= 54#

p�a�9/ c] j5n :14!#

   max max max 2 10.187 2.547F F F    1 12.73 kN

0 1.5 2.5 1.093r BL m    

 

 33
0

1.5 2.5 1.5 23.58 146.64,

1 1 0.4 146.64
0.759

4 4 18.5 1.093

c c

z

W V

W
B

r






      

                     

0

1 1 0.9 1 18000 1 0.9
24.28

2 0.45 2 18.5 9.81 1.093 0.759 0.45m
z

G
f

r B  
      

cps

 ?oB.h j5n C4U �� f4% �v4D q�9�,h23.58B=CI k�� t�4�:

�� �9� 4��4� 0v0>� 8l�]4U:
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� F�(

 q&w�l 3/:

 
1

resonance 2

1

0.85 0.182 1
z

z

zz z

m e BU
A

m m BD D

 
  
   

3/1500+0/ � tn4wl �l b/�P�hue] 3/ 0vy9� c�Y5� Moi&h n/ tn4wl qwdn� n qvol�! q� �9/0h�. t�4� kwwP� kv� n4wl /3 8l�]4U  
0v0>�)1457cpm( �3 6wl uh j�o� kwwP� /4]:

     

     
 

2
2 21

rec 1 rec1500cpm max max 2
2

22 275 100054 75 2 1500 54 2 1500

1000 9.81 1000 60 1000 9.81 300 1000 60

r
F F F m r m

r
 

 

 
     

 
                   

1

12.73 kN

 

     
 

2
2 21

rec 1 1 rec 11457cpm
2

22 275 100054 75 2 1457 54 2 1457

1000 9.81 1000 60 1000 9.81 300 1000 60

r
F m r m

r
 

 

 
   

 
                   

12.014 kN

       1 2 1

2 2
2 01

0 1 1 1 22
2 1

0.
1457 12.014

12.73
1500 2 145

00051
7 60

61
Q

F F F Q m e m e  




  

               
   

12.014 kNor:

 
-5

resonance

0.759
4.05×10 m =

146.6 9.81 0.85 0.75

0.0005161

9 0.18
zA  


0.0405mm


