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The animated gif shows the simple harmonic motion of three undamped
mass-spring systems, with natural frequencies (from left to right) of ωo,
2ωo, and 3ωo. All three systems are initially at rest, but displaced a
distance xmfrom equilibrium.
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 ae-� e l\ǹ(� 9�H�0� �� �U1'l��1n_ � Am�1; ��hn[e

 
0

2 2
sin sin

1
n

nn

Q k
z t t


 

 

 
  

  

 0 2 2

1
sin sin , ,

1
s n s

n n

z z M t t z Q k M


 
  

 
    

 



��;�H�0� k0f��

31

 0 2 2

1
sin sin , ,

1
s n s

n n

z z M t t z Q k M


 
  

 
    

 

-m-<� :u�u>w< �� 9�9G& �9F�� =��=� p'C�B ~Y� R Au�f=̂ �� t�F�q Au�f=̂ =i�9{9�q 4< A . <8
� k�'�#x{ y9X�b >� 9��� w 8xG�q p| q      $<xK� =�> zS��< y�ju� 9F��                 =�> zS��< Ŵ< }�=
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 b<ǹnc� 9�H�0�lm�1n_ ae-� k0��#�

The animation shows response of the masses to the applied forces. The direction and
magnitude of the applied forces are indicated by the arrows. The dashed horizontal
lines provide a reference to compare magnitudes of resulting steady state
displacement.

Transient response to an applied
force: Three identical damped 1-
DOF mass-spring oscillators, all
with natural frequency f0=1, are
initially at rest. A time harmonic
force F=F0cos(2 pi f t) is applied to
each of three damped 1-DOF mass-
spring oscillators starting at
time t=0. The driving frequencies ω
of the applied forces are (matching
colors)
f0=0.4, f0=1.01, f0=1.6
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 b<ǹnc�hm�� �U1' �(� :H�1_ �̂8n7 Tm )7��

The animation shows the motion of the base and the resulting motion of all three
oscillators together. The horizontal lines indicate the maximum displacement of the
base.

Three simple 1-DOF mass-spring
oscillators have natural frequencies
(from left to right)
of f1=1.6, f2=1.0, f3=0.63. At time t=0
the base starts moving with sinusoidal
displacement s(t) = S0sin(t) where the
driving frequency is f=1.001. The
damping rate for all three oscillators is
0.1 so that the initial transient motion
decays and a steady-state is obtained.
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This image cannot currently be displayed.
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 b<ǹnc� 9�H�0�]1# �̂8n7 Tm ,�2�-1dM lm�1n_ ��

With damping:
The animated gif shows two 1-DOF mass-spring systems initially at rest, 
but displaced from equilibrium by x=xmax . The black mass is undamped
and the blue mass is damped (underdamped). After being released from 
rest the undamped (black) mass exhibits simple harmonic motion while 
the damped (blue) mass exhibits an oscillatory motion which decays 
with time.
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l� h� lVn_�dm, ,0�e ke1nc 1!U�-'
 �6=�� �q� 8xru z B�3q �< ='C� =� ~g�q�v�8 }w=�u s�x& ~q y9uxF EY&=q }�{ ~# }�=�  %r�Cb \

  s�x�& ~�ru ~# =� 8<�w }w=�u z B�3q }�=� %rCb t�� <8 8x u }= 6 ~��=�q >� s� <8 zf �l b   %�_i
zf:

max max.F k z

 %�B� y8xru �;, p'C�B %X=B �� �B�v'q �< ~�w=�u 8x,xq =i�=�q %�YNw s�r{ <8 �=�>   A�#
$<xJ z� ~# =� 8<�w }w=�u z B�3q }�=� o>� $� B�3q:

. .dynamF k z c z  

 22

1
,

1 2 n

Z
D




 
 

   
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Y�!_:
~Bxv�B <�� =)� %3& w +<�6 sxgB %m�2 >� lgF a��Sq =v̂ w o=, p'C�B e�lbtQ sin100

  .9���ru t��Y& �< p'C�B lf <�9��# w �<;i %f=2 %B� z'̂=i <�=b

B� $<� X 9F z'_i � b zf z/ s� a��Sq p'C�B lf %f=2 zm8�Yq>� %:

 
   

 20
1 2 2 22

1
sin cos 1 sin 2 cos

1 2

nD t
n n

Q
Z e C dt C dt t D t

K D

      
 

           
 z�mw� Q��=F }�=�000  tZ :9{8 ~q ��� } zm8�Yq <8 x̀̂ =�8�cq }<�;j��, .(%B� ~Bxv�B <��)

       
0 0

0 2 22 22 22 2

2 2
0

1 2 1 2

Q QD D
Z C C

K KD D

 

   


    

            

 22

100 12 32.2
6.22 sec1000

3 32.2 12
0.093

2 2 2 1000 6.22

1 6.22 1 0.093 6.19 sec

n

n n

nd n

K K g rad
m W
C C g

D
m W

radD



 

 

  
   

  
   

   

    
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 
   

 20
1 2 2 22

1
sin cos 1 sin 2 cos

1 2

nD t
n n

Q
Z e C dt C dt t D t

K D

      
 

           
 z�mw� Q��=F }�=�000  tZ :9{8 ~q ��� } zm8�Yq <8 x̀̂ =�8�cq }<�;j��, .(%B� ~Bxv�B <��)
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    

            

 ~|�mw� %X=B }�=�00 Z <8 0t  :p�<�8 
   

   

2

0
0 1 2 2 22

1
0 . . .

1 2
nd n

Q
Z C C D

K D

 
 

 


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    222
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
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       
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 s� ~# w t�F�q e� s>wKN140 ��&=& z� d�6 ~��=�q % Cu w =v̂ %��) ��=N %B� 

mKN /1012,2.0 4:$<xJ z� ~�w=�u QBx& ~�?, D�Y&<� w 9F� �q 46sin157 ( kN)Q t

.8xG�q k�rX� :%B� �xnSq

 ~# ~��=�q=�Z ~Y� R =&�x& -]m�

 %f=2 zvq�8 -�

 ~# =�> d�6 z� z'̂�� k�c'u� ~g�q�v�8 }w=�u =*f�92 -!

 

 

 

 

4

4

0
1 1

2 22 22 22 2

1 1 12 10
14.59 , 2 2 14.59 91.67 / sec, 1.71

2 2 140 / 9.81

46 / 12 10/
0.000187

1 2 1 1.71 2 0.2 1.71

n n n
n

K
f Cps f rad

m

Q K
Z m

D


   

  

 


       


  

                    

 

     
max

22 4

22 22 4

140
. 2 . 2 0.2 12 10 523.46kNsec/m

9.81

0.000187 . 0.000187 12 10 523.46 157 27.20kNdynam

A Z k c C D k m

F A k c





        

       
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• ,�2�
• l\ǹ(�

 ae-� 9�H�0�
lm�1n_

• ,�2�
• l\ǹ(�

 �� 9�H�0�
lm�1n_

• l\ǹ(� e lm�1n_ �� 9�H�0�
lc�0e,
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9�H�0�  lc�0e, elm�1n_ ��

9�9G& Au�f=̂:
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lm�1n_ �m1? bnnH� :
1-8�>� D�Y&<� <8

2-}<� ,� D�Y&<� <8
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lm�1n_ �m1? bnnH� :
1-8�>� D�Y&<� <8
2- D�Y&<� <8}<� ,�

 <8 ~��=�q ��=N t��Y& }�=� D�Y&<�p�vf ~q lrX =�> $<xK� w o�i z� o�i lgG� }<� ,�:
1-p�{8 ~q <�=b D�Y&<� %3& �< p'C�B.
2-zvq�8 ~v3vq-p�vf ~q pB< %B� =�> $<xK� �xrYq zf �< Au�f=̂.
3-9�9G& zvq�8 l3q t��Y&
4-w     }�{ Au�f=̂ t��Y& w                  z B�3q
5-8xF ~q t��Y& =�> zS��< >� ~��=�q ��=N:

0.707 resZ

resZ

1f2f
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0. . . sinm z c z k z Q t   
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lm�1n_ �m1? bnnH� :
1-8�>� D�Y&<� <8
2- D�Y&<� <8}<� ,�

 <8 ~��=�q ��=N t��Y& }�=� D�Y&<�p�vf ~q lrX =�> $<xK� w o�i z� o�i lgG� }<� ,�:
1-p�{8 ~q <�=b D�Y&<� %3& �< p'C�B.
2-zvq�8 ~v3vq-p�vf ~q pB< %B� =�> $<xK� �xrYq zf �< Au�f=̂.
3-9�9G& zvq�8 l3q t��Y&
4-w     }�{ Au�f=̂ t��Y& w                  z B�3q
5-8xF ~q t��Y& =�> zS��< >� ~��=�q ��=N:

0.707 resZ

resZ

1f2f
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k,�2� h#0, e, �̂8n7 :
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k,�2� h#0, e, �̂8n7 :
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k,�2� h#0, e, �̂8n7 :
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k,�2� h#0, e, �̂8n7 :
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k,�2� h#0, e, �̂8n7 :

8xF ~q               y�ju� 9F��                  =i�.
 9v�xi ~q �:�, D�Y&<� p'C�B t�� z�.
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 b<ǹnc� 9�H�0� �.�#

The 2-DOF system has two natural frequencies, corresponding to the two natural
modes of vibration for the system. In the lower frequency mode both masses move in
the same direction, in-phase with each other. In the higher frequency mode the two
masses move in opposite direction, 180° out of phase with each other. The animation
shows the motion of the 2-DOF system at normalized forcing frequencies
of f.left=0.67 (in-phase mode), fmiddle=1 (undamped classical tuned dynamic absorber),
and fright=1.3 (opposite-phase mode). The arrows in the movie represent the
magnitude and phase of the force applied to the main mass.
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 b<ǹnc�k,�2� h#0, -d% k�i �̂8n7

A 1-degree-of-freedom system has
1 mode of vibration and 1 natural
frequency

A 2-degree-of-freedom system has
2 modes of vibration and 2 natural
frequencies

A 3-degree-of-freedom system has 
3 modes of vibration and 3 natural 
frequencies

A 4-degree-of-freedom system has
4 modes of vibration and 4 natural
frequencies


